Elastic wave propagation is elemental to wave-equationbased migration and modeling. Conventional simulation of wave propagation is done on a grid of regular rectangular shape, though other styles, like spherical or ray-family-based, do exist. One of the previously proposed rectangular grid schemes is an irregular vertical (z) grid size. As an extension of this irregular z grid, we design a new grid system, a Pyramid-shaped grid (P-grid), and develop a numerical scheme associated with the elastic wave propagation that can reduce the number of grids, thus improving the efficiency of elastic wave propagation. In our scheme, the grid shape is non-rectangular, and the grid size changes vertically while remaining constant horizontally. For 3D wave propagation, our proposal has a simple transform/interpolation relationship to a regular rectangular grid in all 3 dimensions. Therefore, it yields a very low cost for high order interpolation and allows easy parallelization. In comparison with our previous variable vertical grid size scheme, our proposed scheme uses only a quarter of number of grid points. With numerical benchmarks, we demonstrate a reduction in runtimes of up to ~79% using real 3D data and sub-optimized code.
Introduction
Simulating elastic wave propagation is fundamental to seismic imaging and modeling. Conventional numerical schemes for the simulation of wave propagation are finite element (FE) (Feng, 1965; Strang and Fix, 1973) and finite difference (FD) (Balch and Smolka, 1970) . The FE schemes have the flexibility of variable and irregular grids/elements, but are limited in their ability to represent high order algorithms, especially those that take frequency-dependent dispersion into account. By contrast, FD modeling schemes can more readily be adapted to use with high-order algorithms. In the past, we have already improved the efficiency of an FD grid scheme by using variable vertical grids based on velocity variations along the vertical axis (irregular-z scheme). In this scheme, a coarse grid can be used when the velocity is large without sacrificing high frequency accuracy. With increasing demand for further improvements in modeling performance, applying a laterally varying grid scheme is a natural solution. However, rectangular grids with both laterally and vertically variable grid sizes (Oprsal and Zahradnik, 1999) are rare in seismic imaging because there is no significant improvement in computational performance over the more traditional methods using an irregular-z grid. Other irregular grid schemes in a general Riemannian space, e.g. spherical or rayfamily-based (Sava and Fomel, 2005) , suffer from larger overhead when dealing with second-order equations in space and are relatively complex to implement. Many other irregular grids found in literature are for non-rectangular meshes (Okon, 1982; Zheng, et al, 2010 ) and thus are not easily adaptable to regular finite difference methods, especially in the pseudospectral method that makes use of Fast Fourier Transformations (FFT) (Gazdag, 1981; Kosloff and Baysal, 1982) .
Based on the application requirements for seismic imaging, especially for common-shot reverse time migration (RTM), we propose a pyramid-shaped grid (P-grid) system that: 1) has a non-rectangular-shaped grid with grid sizes that change vertically but not horizontally; 2) uses fine grids in shallow and low-velocity areas while having sparse grids and large aperture in deep regions with large velocities; 3) offers a significant reduction in grid size while being compatible with velocity-based, vertically irregular grids; 4) is applicable to finite difference and pseudospectral approaches and 5) has reasonably-small overhead for calculating second-order derivatives and a simple implementation.
Theory and Methods
We examine the 1D irregular rectangular grids along the zdirection first. The original coordinate system is (x 0 , y 0 , z 0 ), and the new coordinate system is (x, y, z) ; where x is the inline direction, y is the crossline direction and z is depth. For a velocity-based irregular z grid, the grid size of the (x, y, z) system is determined by:
where is the minimum velocity for each z 0 -slice and 0 . Thus the transformation is defined by: , (2) And the differential operator yields:
.
When applying this transformation, the grid size can be increased in the faster velocity region, thus reducing the number of grids. For example, if the deep velocity is 3 times faster than the shallow velocity with a linear trend, the number of grids in the z-direction (N z ) can be reduced by half.
There are several methods to extend the irregular grid to 3D. Using irregular rectangular grids along the x-, y-, and z-axes is a special case of a 3D irregular grid, and the equations for the differential operators are:
Because the transform can be separated into each of the component dimensions, the overhead cost of the transform is negligible. However, since the minimum velocity, i.e. water velocity in most cases, for each dimension is the same, and , and only depend on one of the coordinates, the additional reduction on number of grids is trivial compared to the irregular-z grid.
For a general 3D irregular rectangular grid system, the differential operators are related by the Jacobian matrix (J): ,
In order to calculate the second order spatial derivative operators for tilted transverse isotropic (TTI) wave equations using a time domain finite difference (TDFD) scheme, 6 operations of first order derivatives are required for the Laplacian-like step in the regular grid scheme (Zhang et al, 2011) . Using a diagonal-only Jacobian matrix, e.g. Equation (4), for the irregular rectangular grids ensures that no additional first order derivative operations are required. In the general case of Equation (5), the full Jacobian matrix increases the total number of operations from 6 to 12 per step. Thus, the efficiency gained by reducing number of grids can be lost by the additional overhead of the more complicated transform.
We propose a 3D irregular grid, z-dependent lateral sampling rate scheme (Z-Grid) to obtain reduction on grid numbers while maintaining the low overhead introduced by the transform. Our Z-grid scheme uses linear transformations along x and y-directions with coefficients that depend only on z, where z can be based on an irregular-z scheme. The transformations can be expressed as:
Then the differential operators are: , , .
We note that in the Z-Grid scheme, the lateral grid sizes x 0 , y 0 and vertical grid size z 0 depend on z only by:
where x, y, z are the grid sizes in the (x, y, z) coordinate system and are constant. For the Z-Grid scheme, the number of operations for the first order derivatives required for one Laplacian-like step of a TTI wave equation is only increased from 6 to 8 for 3D and from 4 to 5 for 2D.
One implementation of the Z-Grid scheme is pyramid-shaped (P-Grid), as expressed by the equations:
, .
(9) Figure 1 illustrates a 2D example of the P-grid with a regularz grid. The value was chosen such that the grid size in the (x 0 , z 0 ) coordinate system at the bottom of the imaging area is twice as that of the top of the area, thus the grid number along x-direction (N x ) is reduced by a factor of two from top to bottom. Later, we use this bottom/top ratio of 2.0 as our default testing parameter. One negative trade-off is that the wavefield will not be modeled in regions that are not covered by the new grid. This is an acceptable compromise, as these regions are often of lower interest, when considering common shot RTM. In return, it allows a dense grid near the source and receivers, larger aperture in deep regions, and a significantly smaller number of grids. Applying this scheme on the y-axis in 3D, we reduce the total number of grids by a factor of 4. Combining with the irregular-z grid, we reduce the total number of grids (N xyz =N x ×N y ×N z ) by a factor of 8. Since the cost of a high order FD scheme is O(N xyz ) and that of an FFT-based pseudospectral method is O(N xyz log(N xyz )), if we only consider the overhead of the derivative operations, we expect to see computational costs drop by 83% from the conventional fixed grid. 
Computational performance improvements
Next, we study the performance of our P-Grid scheme. Table  1 shows the grid size and elapsed time for 100 temporal iterations corresponding to the regular grid, irregular-z grid, and the P-Grid schemes. The results shown are obtained using a pseudospectral method. Though not presented in this paper, simulations using our fast FD method (Zhang et al, 2011) have shown a similar performance gain. Although single-threaded benchmarks may show higher performance improvements that approach the theoretical prediction, to simulate a production environment, we test the OpenMP® multi-threaded code on 12 core Intel® Xeon® X5650 (2.67GHz) machines. The code is also vectorized, either by the compiler or manually using the SSE (Streaming SIMD Extensions) (Thakkar and Huff, 1999) . The transformations in (7) are not yet optimized in our test code, but even with this sub-optimized code, we see significant performance improvements. Datasets 1 and 2 have different velocities, which results different compression ratios along z-direction. For 3D dataset 1, a speed-up of 4.8 times is achieved. Figure 2 shows example 2D migration images, stacked from 168 shots. The top image shows the migration using the regular grid. The middle image was obtained using the PGrid with a bottom/top ratio of 2, together with the velocitybased irregular-z. The image quality from P-Grid migration is nearly identical to that of the regular grid migration, even though, in this example, P-Grid uses a total grid number (N xz =N x ×N z ) that is nearly 4 times smaller per shot.
Stability of the FD modeling is an important issue. The crosstalk Jacobian terms and in (7) have an impact on the stability of the FD modeling, especially near the Nyquist wave number. Two factors make the Nyquist wave number very special in modeling the TTI wave equations. First, the stability condition is more fragile at higher wave numbers. Second, the spectral response for the first order differential operator has a singularity at the Nyquist wave number (Zhang et al, 2011) . For the FFTbased pseudospectral differential operator, the Nyquist information is totally lost for even-numbered grids; however, it is required to conform to the second order differential operator (Johnson, 2011) . On the other hand, an even number of grids is desired for performance considerations in pseudospectral methods. One simple way to accommodate this is to shift the phase of the Nyquist information by for the first order differential operator. For the first time differential operation, we shift the phase at Nyquist wave number by and, for the second time differential operation, the phase is shifted by . Thus the operator conforms to at the Nyquist wave number. The top and middle images in Figure 2 are obtained using this firstorder correction and are satisfactory. show the image obtained without compensating for the Nyquist wave number, while using a regular grid, in the bottom image of Figure 2 . We see that artifacts near the Nyquist wave number become quite significant in some regions.
To demonstrate the importance of Nyquist wave number compensation, we show the forward propagated wavefields in Figure 3 . From top to bottom, Figure 3a is the wavefield of regular grid with first-order Nyquist compensation and +30dB gain, Figure 3b is the wavefield of P-Grid with firstorder Nyquist compensation and the same gain, Figure 3c shows the difference between the first two with +60dB total gain. Figure 3b shows some artifacts near the two horizontal edges of the source. By examining the difference in Figure  3c plotted at very high amplitude gain, we notice artifacts at the four edges corresponding to the source location. Recall that the image shown in Figure 3b is transformed from the coordinate system (x, y, z) back to (x 0 , y 0 , z 0 ) for easy comparison, and thus the slanted stripe in Figure 3c is a vertical stripe in the coordinate system (x, y, z). The mismatch near the source is due to numerical errors and the interpolation errors. However, these differences are negligible, and the process provides a quality image. In comparison, we show the wavefield using a regular grid without Nyquist compensation in Figure 3d , which has significantly worse results. Even in this worst case scenario, the Nyquist artifacts diminish as the wavefield propagates.
Discussions and prospective
The cross-talk Jacobian terms and in (7) have an impact on the stability of the FD modeling, especially near the Nyquist frequency. In the 2D case it can be satisfactorily compensated for by simple firstorder compensation. The over-compensation that leaks into the term is more significant in the 3D case. We are currently implementing a method to compensate the Nyquist terms in a safer and efficient way. The theoretical analysis of the stability condition and Perfectly Matching Layers (PML) absorbing boundaries (Bérenger 1994; Li and Olivier 2010) are also important directions for future work.
Conclusions
We proposed and tested a spatially variant grid, the Z-Grid, especially the pyramid-shaped grid (P-Grid) which varies the horizontal grid size according to the vertical coordinate, z. This P-Grid scheme can reduce the number of grids significantly and is compatible with the irregular-z grid. A theoretical reduction in computational costs by up to 83% is estimated in a typical production environment, and test simulations of production environments demonstrate a reduction of in run time of 79%. Stability and Nyquist problems were discussed briefly and addressed successfully. : From top to bottom, a) the wavefield using a regular grid (+30dB); b) the wavefield using P-Grid (+30dB); c) the difference between a) and b) (+60dB); d) the wavefield using a regular grid without compensating for the Nyquist wave number (+30dB). The insets are zoomed boxes near the source.
